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Analysis of Turbulent Underexpanded Jets,
Part I: Parabolized Navier-Stokes Model, SCIPVIS

S. M. Dash* and D. E. Wolft
Science Applications Inc., Princeton, New Jersey

and
J. M. Seiner!

NASA Langley Research Center, Hampton, Virginia

A new computational model, SCIPVIS, is described, which predicts the multiple-cell wave/shock structure in
under- or overexpanded turbulent jets. SCIPVIS solves the parabolized Navier-Stokes jet mixing equations
utilizing a shock-capturing approach in supersonic regions of the jet and a pressure-split approach in subsonic
regions/Turbulence processes are represented by the solution of compressibility corrected two-equation tur-
bulence models. SCIPVIS presently analyzes jets exhausting into a quiescent or supersonic external stream for
which a single-pass spatial marching solution can be obtained. The features of SCIPVIS are reviewed and
calculations are described exhibiting the influence of turbulence modeling, jet temperature, and flight velocity
on the jet shock structure. A detailed assessment of SCIPVIS via comparisons with laboratory data and its im-
plementation in jet shock-noise studies is provided in Part II of this article.

I. Introduction

T HE ability to predict the acoustic characteristics of an
underexpanded turbulent jet (Fig. 1) is contingent upon

representing the mean flow and turbulence structure in a
detailed and realistic fashion. Previous studies1"3 have
highlighted the strongly interactive aspects of the jet flow
structure problem and the inadequacy of inviscid modeling
techniques to represent the wave/shock structure beyond the
jet near field (i.e., first several shock cells). The prediction of
the detailed multiple shock-cell flow structure entails the
strongly interactive coupling of wave and turbulent mixing
processes, and the appropriate representation of turbulence
processes in the highly compressible environment occurring in
underexpanded jets. While a number of underexpanded tur-
bulent jet models have been developed which treat several of
the above processes (see Ref. 3), none provide for the
generalized analysis of the multiple-cell wave/turbulent struc-
ture over a significant range of operational conditions.

A new parabolized Navier-Stokes model, SCIPVIS, has
been developed which analyzes the above processes in a de-
tailed fashion. SCIPVIS solves a fully coupled system of
viscous/inviscid equations which intimately relates the effect
of turbulent mixing processes on the wave structure, and
employs specialized techniques to treat various aspects of the
strongly interactive processes occurring in the jet.3 The
development of SCIPVIS was prompted by requirements in a
number of problem areas as discussed in Refs. 3 and 4. This
paper will discuss aspects of the SCIPVIS model relevant to
the jet shock-noise problem area. The features and capabilities
of SCIPVIS in analyzing the multiple-cell wave structure in
turbulent jets will be presented and pertinent computational

Presented as part of Paper 83-0704 at AIAA 8th Aeroacoustics
Conference, Atlanta, Gar, April 11-13, 1983; received May 18, 1983;
revision received May 23, 1984. Copyright © American Institute of
Aeronautics and Astronautics, Inc., 1984. All rights reserved.

Technical Director, Propulsion Gas Dynamics Division. Member
AIAA.

tResearch Scientist, Propulsion Gas Dynamics Division. Member
AIAA.

%Research Engineer, Aeroacoustics Branch, Acoustics and Noise
Reduction Division. Member AIAA.

procedures relevant to achieving these capabilities will be
highlighted. In Part II of this paper, the performance of the
SCIPVIS model is assessed via comparisons with laboratory
data for a series of over- and underexpanded jets; and, its im-
plementation in the prediction of jet shock noise is delineated.

II. Overview of Modeling Techniques in SCIPVIS
SCIPVIS incorporates technology formulated over the past

several years in programs geared to the viscous/inviscid
analysis of rocket and aircraft exhaust plumes.5"8 The treat-
ment of wave/shock processes in inviscid flow regions is per-
formed utilizing the SCIPPY model shock-capturing ap-
proach of Dash and Thorpe.9 The extension of this shock-
capturing approach to supersonic viscous flow regions in-
volves the addition of parabolized stress-transport terms
which render the resulting viscous/inviscid jet equations
hyperbolic/parabolic. The shock-capturing algorithm utilized
in SCIPVIS is described in Refs. 3 and 10. In earlier papers,3'4
the ability of this shock-capturing algorithm to analyze basic
interactive phenomena occurring in supersonic mixing regions
was demonstrated (e.g., the interaction of expansion fans and
shock waves with shear layers, waves generated by high Mach
turbulent dissipative processes, etc.), and complete jet
flowfield solutions were generated.

Turbulence phenomena in SCIPVIS are represented using
conventional models of the two-equation class which solve
partial differential equations for the variation of the turbulent
kinetic energy and length scale parameter. This level of tur-
bulence modeling represents the present state-of-the-art for jet
flowfields.11 Applications to a complete spectrum of simple
(constant pressure) free-jet problems12 had indicated that
basic two-equation turbulence models performed reliably for
low-speed jet problems but not for supersonic jet problems.
Present-generation two-equation models are all formulated
from an incompressible viewpoint and, thus, their inability to
deal with compressible phenomena is not surprising. Exten-
sions of two-equation models to deal with compressibility ef-
fects thus far have been heuristically formulated11'13 (viz., no
attempt has yet been made to formally model the terms em-
bodying the compressibility effects of high Mach numbers). A
detailed assessment of the performance of compressibility
modified two-equation turbulence models for both simple and
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complex (variable pressure, chemically reacting) jet flowfields
is given in Ref. 11. An overview of high Mach number com-
pressibility effects on turbulent mixing and the specific "com-
pressibility corrected" turbulence models employed in SCIP-
VIS will be presented. No attempt has been made in the pres-
ent effort to model the large-scale structure of the turbulence
associated with the acoustic excitation of jet instability modes.

The strongly interactive coupling of the viscous/inviscid jet
solution with an Euler or potential external flow solution is
performed using a direct-coupling technique. The coupling of
the jet and external flow solutions is performed at the outer
edge of the jet mixing layer boundary (viz., at the tur-
bulent/nonturbulent interface). For supersonic external flows,
the complete jet/external flow calculation is performed in a
single sweep in view of the hyperbolic/parabolic character-
istics of the governing equations. For quiescent external flow,
the ambient pressure is imposed as the outer boundary
pressure and a single sweep calculation can also be performed.
For subsonic external flows, the stream wise pressure variation
determined by a potential flow solution would be imposed as
the jet outer pressure. The external potential flow is solved us-
ing an injection boundary condition along the jet outer viscous
boundary based on the entrainment velocity determined in the
viscous/inviscid jet solution. Arrival at a converged flowfield
solution entails several iterations between the viscous/inviscid
jet and potential flow solutions; the iterative methodology
parallels that developed by Wilmoth and Dash14 utilizing
overlaid viscous/inviscid coupling.15 The present version of
SCIPVIS is operational for quiescent or supersonic external
flows, as will be described. Extensions for the iterative cou-
pling with a subsonic/transonic potential flow solver are now
in progress, as described in Ref. 10.

In analyzing jets with a quiescent or subsonic external
stream, a formal matching procedure is required at the viscous
sonic line (Fig. 1), and specialized techniques are required to
permit spatial marching in subsonic portions of the flow. Sub-
sonic/supersonic coupling is performed utilizing the viscous-
characteristic approach introduced by Ferri and Dash16 for
sonic line matching in the interactive analysis of supersonic
boundary layers. Spatial marching in subsonic regions is ac-
complished utilizing pressure-splitting techniques17 which
decouple the stream wise and normal pressure gradients. The
streamwise gradient is imposed (i.e., set equal to the external
pressure variation) rendering the subsonic equations parabolic
rather than elliptic. Normal pressure variations are obtained
via a coupled solution of the continuity and normal momen-
tum equations subject to the imposed outer pressure variation
and the viscous-characteristic pressure/flow deflection con-
straint at the sonic line.

SCIPVIS contains provisions for treating both regular and
Mach disk type shock reflections using the triple-point
methodology described in Ref. 9. In situations with Mach
disks, the turbulent mixing occurring along the Mach disk
slipstream (Fig. 1) induces significant downward deflections
of the adjacent flow due to the wake-like characteristics of the
mixing process.3 This is accounted for utilizing the sub-
sonic/supersonic sonic line coupling discussed previously and
a variant of the pressure-split procedure employing a sublayer-
type approximation3'10 to suppress elliptic upstream influence
effects (viz., departure solutions).

III. Governing Equations
Conservative Form of Mean Flow Equations

The time-averaged, Reynolds decomposed equations
governing the planar (/=0) or axisymmetric (/= 1) flow in a
moderately under- or overexpanded jet10 are listed below.

Continuity:

ox
— (PVrJ) =dr

Streamwise (axial) momentum:

Normal (radial) momentum:

—— (p Vr>) + —OP + p V2}^) = 0ox or

(2)

(3)

Energy:

' (4)

Species continuity:

Fig. 1 Schematic of near-field, far-field, and transitional regions of
turbulent underexpanded jets.

(5)

These equations have been parabolized with respect to the ax-
ial (x) direction (viz., all stress/diffusive terms with axial
derivatives have been deleted) and "standard" (incompressi-
ble) assumptions concerning the turbulence correlations have
been invoked [viz., third- and higher-order correlations, den-
sity correlations (p'u', p', H', and p '<£') , and all correlation
terms in the normal momentum equation are neglected]. For
simplicity in describing the equations, the extra terms
associated with nonunity values of the Prandtl numbers, o
have not been listed above (these terms are incorporated in
SCIPVIS and will be given below in their final form). In the
above equations, U and V are the axial and radial velocity
components, p the density, P the pressure, /* the laminar
viscosity, H the total enthalpy, and </> the species parameter
defined by

(6)

where a/ is the mass fraction of the /th species and J and E
designate the constant values of af in the unmixed jet and ex-
ternal streams. The composition in both unmixed streams is
taken to be uniform and the chemistry is taken to be frozen.
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Turbulent Transport Terms
Classical Boussinesq-type approximations are utilized in

representing the turbulent shear stress and scalar transport
terms. Thus

__ 3U
(7a)dr

-pH'v'=-
dH

oH dr

~dr

(7b)

(7c)

where \it is the turbulent viscosity and OH and o^ the effective
turbulent Prandtl numbers for the transport of energy and
species.

Two-Equation Turbulence Models
In the generalized Prandtl-Kolmogoroff turbulence for-

> mulation (see, e.g., Ref. 18) the turbulent viscosity \Lt is
related to the turbulent kinetic energy k and turbulent length
scale £, via

a — C* t\lf1/2 9 (9\fJif — LX^/OA. t ^o^

where CM is a dimensionless constant. A partial differential
equation can be formally derived to describe the production,
dissipation, and transport of turbulent kinetic energy. By
analogy,18 an equation can be formulated for the length scale
parameter z, which is related to k and t by

z = k"t" (9)

Table 1 shows three different popular forms of the length scale
equation. Only the ke and kW two-equation models have been
incorporated in SCIPVIS. The ku model of Ref. 20 (in par-
ticular, the modified version which accounts for compressi-
bility21) does show promise, as demonstrated by Walker22 in
his evaluation against Mach 2.2 jet data. However, this model
has not been assessed against a significant body of compressi-
ble jet data.

ke Turbulence Model
The ke2 model12 incorporated in SCIPVIS is an extended

form of the ke model which contains both axisymmetric and
weak shear flow "corrections." The turbulent viscosity ju, is
determined from the local values of k and e via the relation

(10)

The following model constants12 are utilized in SCIPVIS:

C2 = 1.94-0.1336/, .C^ = 0.09g(P/e)-0.0534/.

The axisymmetric correction parameter /is set equal to zero in
the shear-layer region (before the mixing zone reaches the
axis), and is defined by

o.2

Table 1 Forms of the length scale equation

Model m n

Are (Ref. 12)
ArfF(Ref. 19)
kw (Ref. 20)

e
W

3/2
1

1/2

-1
_ 2
_ i

k2/e
k/W1/2

downstream of that point (re is the width of the full mixing
layer, uc the jet centerline velocity, and ue the external stream
velocity). The weak shear flow correction g is a function of the
shear-stress weighted average ratio of production to dissipa-
tion rates. The functional form of g(P/e) is given in Ref. 12.

Compressibility Corrected Version of ke Model (fce2,cc)
The performance of the ke model in analyzing supersonic jet

and shear-layer data has been shown to be quite poor.12 An ef-
fort was undertaken to correct this model in a heuristic
fashion13 to account for the reduced mixing rates observed for
higher Mach number jet mixing. The compressibility corrected
viscosity is given by

(12)

where K(MT) is the correction factor and M the character-
istic Mach number of turbulence (MT=v/cmax/#, where
&max is the maximum value of k at each station and a the local
sound speed at the grid point where k is maximum). The func-
tional form of K(MT), given in Fig. 2, was determined by
matching calculations to observed spread rates for
isoenergetic, supersonic shear layers with one stream sta-
tionary.23 Figure 2 exhibits the performance of the ke2 and
ke2,cc models in predicting this spread .rate data; the ke2
model shows no variation with Mach number while the ke2,cc
model duplicates the data [per calibration of K(MT)]. Note
that the compressibility correction term goes to unity as com-
pressibility effects diminish and, hence, the ke2 and ke2,cc
models are equivalent in lower speed situations.

k Jf Turbulence Model
The kW model,19 although developed at about the same

time as the ke model, has not been widely used due to com-
plications in applying it to wall-bounded shear flows.24

However, a version of the £JF model25 with coefficients set by

data • k t2 , ' CC

Best fit of data

2 3

Mach number, M ,

max
Fig. 2 Variation of spread parameter a with Mach number and com-
pressibility correction factor for ke2 turbulence model.
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M.L. BOUNDARY, ry(x)

FLOATING INNER
M.L. BOUNDARY

Fig. 3a SCIPVIS parabolic (turbulent mixing) operational mode.

r,V
JET INVISCID SLIPSTREAM, r^

Fig. 3b SCIPVIS hyperbolic (supersonic wave) operational mode.

rocket plume data has been employed successfully by the Pro-
pellant and Rocket Motor Establishment (PERME) in Great
Britain. Predictions by PERME simulating laboratory rocket
plume experiments performed at Arnold Engineering
Development Center26 were quite promising and the overall
assessment of this model by Pergament11 for a spectrum of jet
mixing problems was favorable. Hence, this model has been
incorporated into SCIPVIS.

The turbulent viscosity is given by

pt=pk/W" (13)

and the following model constants25 are utilized:

(7^ = 0.86, ae=0.86, CD = 0.09

C, = 1.48, C2 = 0.18, C5 = 3.5

Note that this model contains no axisymmetric or weak shear
flow correction terms.

Mapped, Vectorized Conservation Equations
The conservative system of mean flow and turbulence

model equations is solved in a mapped coordinate system (to
be described in Sec. IV) utilizing the simple rectangular
transformation.

and

rj=(r~rL(x))/(ru(x)-rL(x)) (14)

where rL and ru are the boundaries of the jet domain being
solved. With this transformation, the equations can be ex-
pressed in the following vector form:

dE dF b2 d / ^Veff 5/\
d£ 3rj r7 dy \ af drj / (15)

where
/= [1, U, V, H, <i>, k«\ e, tt2\ W]T

Here (7) designates the ke model, and (2) the k W model.

pUV

P + pV2

pVH

F=b pV<t> -aE

ep

ev

*H

f

42)

_ew

__

aP + pU2

pUV

PUH

pUe

pUW

pUW

pVe

pVW

F

r7 £(£))
0

P-e

(CjP-C2pe)e/k

P-pCDkW1/2

ClWP-C2pkW3/2

In the above equations, a and b are the transformation
parameters given by

(16)

P is the turbulent production term [i.e., P = nt(dU/dr)2], and
a. a flow indicator (a=l for supersonic flow regions, 0 for
subsonic flow regions). The variable /%f is the combined
laminar and turbulent viscosity. Boundary points and sub-
sonic/supersonic matching points are analyzed using viscous-
characteristic equations16 whose description is given in Refs. 3
and 10.

IV. Computational Features of SCIPVIS
Integration Options

SCIPVIS provides for the spatial integration of the
viscous/inviscid jet equations [Eq. (15)] using four types of in-
tegration options which are summarized below.

1. Parabolic (Constant Pressure Mixing) Option
This option is utilized to analyze constant pressure subsonic

or supersonic jets. In utilizing this option the parameter a in
Eq. (15) is set equal to zero (which removes the pressure term
from the streamwise momentum conservation variable, ££/);
the normal momentum equation is eliminated; the streamwise
pressure gradient term dP/dX in the Gf vector array is set
equal to zero; and, a parabolic decode procedure3'10 is used to
extract the mean flow variables U, H, and <j> from the E con-
servation variables ev, eH, and e^. In analyzing a balanced
pressure jet (Fig. 3a), the equations are mapped from the jet
axis to the outer edge of the jet mixing layer, rv(X), along
which the external flow conditions UE, HE, and <£ = 0 are
prescribed. The inner mixing layer boundary "floats" across
the grid points until it reaches the axis. The parabolic bound-
ary growth rate dr^/dA^ is based on the edge gradients of
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dAV

dx
Crv

vis JL (df)\or J v

streamwise velocity U and species parameter <£, and is given by

(17)

where/represents (/and </> (the maximum gradient is utilized)
and a value of C~ 1 places the computational boundary ru in
close proximity with the physical mixing layer boundary (in-
creasing C yields a buffer region of nonturbulent flow between
the physical mixing layer edge and rv but does not affect the
calculation except for decreasing the grid resolution). This op-
tion is also employed for under expanded jets exhausting into
quiescent or subsonic streams for analyzing the subsonic por-
tion of the jet mixing layer, as will be described below.

2. Partially Parabolic Option
This is an extension of the above option to account for nor-

mal pressure variations across the subsonic portion of the jet
mixing layer using a pressure-splitting approximation.17 Here,
the preceding parabolic option is first exercised (in integrating
the equations from X to X+ AX) with the streamwise pressure
gradient term dP/dX set equal to the outer-edge pressure gra-
dient. This yields the flow variables U, H, and <£ at X+ AX.

The pressure, density, and radial velocity variation across
the mixing layer are then arrived at via the coupled integration
of the continuity and normal momentum equations and the
equation of state constraint. The details of the cross-flow in-
tegration are given in Ref. 10. A new, noniterative cross-flow
integration procedure developed by Dash and Sinha27 for
curved wall jet flows is presently being incorporated into
SCIPVIS.

3. Hyperbolic (Inviscid Supersonic) Option
This option can be utilized to predict the near-field inviscid

wave/shock structure in the jet in weakly interactive situa-
tions3 and, of course, is utilized to predict the inviscid core
region of underexpanded jets in all situations. To predict the
inviscid supersonic jet structure (Fig. 3b) the diffusive terms
are set equal to zero, the turbulence equations are eliminated,
and the equations are integrated with the parameter a. set
equal to one (i.e., the pressure is included in the ev conser-
vative variable). The inviscid jet equations are mapped from
the axis to the jet interface rv defined by

(18)

The pressure along the interface rv is prescribed for quiescent
or subsonic external flow and is determined by a concurrent
external flow solution (or the use of pressure/flow deflection
rules such as shock expansion theory) for supersonic external
flows (see Ref. 9). A supersonic decode procedure9 is used to
arrive at the flow variables U, V, Py H, and <£.

4. Hyperbolic/Parabolic (Viscous Supersonic) Option
This option is utilized to analyze supersonic viscous (tur-

bulent) regions of the jet. It is a direct extension of the hyper-
bolic option with the diffusive terms evaluated and the tur-
bulence model equations integrated. Details of the numerical
algorithm and the analysis of basic supersonic interactive
phenomena are provided in Refs. 3, 4, and 10.

The application of the preceding integration options in
analyzing supersonic underexpanded jets exhausting into a
supersonic quiescent stream will be discussed below.

Underexpanded Jet/Supersonic External Stream
Referring to Fig. 4, the analysis of this fully supersonic

problem (in the absence of embedded subsonic zones behind
Mach disks) involves utilization of the hyperbolic and hyper-

JET INDUCED BOW SHOCK

d/V
dx

- tan0£/
inv

->x,U

UNDEREXPANDED JET/SUPERSONIC EXTERNAL STREAM

I „

,-\MM
" MATCHING POINT

UNDEREXPANDED JET/QUIESCENT EXTERNAL STREAM

Fig. 4 Operational modes of SCIPVIS for supersonic and quiescent
external streams.

bolic/parabolic integration options. This is accomplished by
utilizing the techniques summarized below.

1) Grid points are evenly distributed between the jet axis
and the outer jet viscous/inviscid boundary, ru(X).

2) The viscous/inviscid boundary growth is obtained by
combining Eqs. (17) and (18) as follows:

= tanO,
vis/inv (19)

3) The position of the inner mixing layer boundary which
"floats" across the grid points in working its way down to the
axis is monitored by inspection of the </> profile at each integra-
tion step. The hyperbolic (inviscid) equations are integrated
below this position while the hyperbolic/parabolic (vis-
cous/in viscid) equations are integrated above this position.

4) Properties along the outer viscous/inviscid boundary
r'u (X) are obtained by solving

a) inner (\4) and outer (Aj~v) characteristic compatibility
relations for the pressure, P^/, and flow angle, Bv (or an outer
pressure/flow deflection relation in lieu of the X^ com-
patibility relation) and

b) isentropic streamline relations along the entrained
streamline XSL (i.e., H=HE, P/p7 = const) to yield remaining
flow properties.

The insert to Fig. 4 depicts the details of the boundary-point
calculation.

Underexpanded Jet/Quiescent External Stream
Referring to Fig. 4, the analysis of this problem involves

utilization of both the hyperbolic and hyperbolic/parabolic in-
tegration options required in the fully supersonic problem,
plus the parabolic or partially parabolic integration option to
analyze the subsonic portion of the jet mixing layer. This is ac-
complished utilizing the techniques summarized below.

1) Grid points are evenly distributed as above from the jet
axis to the outer jet viscous/inviscid boundary, rv(X).

2) The boundary growth is obtained by combining the
viscous growth rule with the flow deflection angle at the sonic
line (not the outer edge angle as in the supersonic flow case),
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dx
-tan0M=/ + u(

vis/inv J L ^

df]9rJ v (20)

3) As in the fully supersonic case, the position of the
"floating" inner mixing layer boundary is used to delineate
between hyperbolic and hyperbolic/parabolic flow regions.
The hyperbolic/parabolic integration is performed in the
region bounded by the inner mixing layer boundary and the jet
mixing layer sonic line.

4) Above the sonic line, the equations are integrated using
the parabolic option with the stream wise pressure gradient,
dP/dX, set equal to zero. The position of the sonic line is
monitored at each integration step and also "floats" through
the grid points, ultimately reaching the jet axis in the far field
at which point all "steady" wave processes terminate.

5) Two options are available to represent the radial varia-
tion of pressure and radial velocity across the subsonic portion
of the mixing layer which works as follows:

a) Parabolic Option. The pressure variation across the
subsonic region is neglected (this is a reasonable approxima-
tion for the quiescent problem at modest pressure ratios; it
would be a poorer approximation for the near-field jet with a
subsonic external flow since the streamline curvature induced
by the "washing away" of the mass defect region of the exter-
nal boundary layer can be quite appreciable (see Refs. 14 and
15). Here, the external pressure is imposed at the sub-
sonic/supersonic matching point (see insert of Fig. 4) yielding
the flow deflection angle 6*, and, hence, all remaining flow
properties (since (/, //, and <£ are known from the parabolic
solution). Upward integration of the continuity equation
yields the radial variation of V and, hence, the edge entrain-
ment (radial) velocity, VE.

b) Partially Parabolic Option. The pressure P* is as-
sumed at the sonic line yielding 6* and all remaining flow pro-
perties as above. Integration of continuity and normal
momentum (see Refs. 3 and 10) yields the radial variation of P
and V. The process is iterated upon until the predicted edge
pressure is equivalent to the imposed external pressure.

In performing quiescent external stream calculations, im-
position of the ambient pressure level along rv and the use of
the boundary condition, UE = Q (in practice, a nominal value
~£///100 is employed) is only a first approximation to the
complete interactive problem. The entrainment velocity
VE(X) predicted in this first approximation accelerates the
"nominally" quiescent external flow. The entrainment in-
duced pressure [PE(X)] and stream wise velocity [UE(X)\
variations (obtained via coupling the jet solution with a poten-
tial flow solver) are implemented as boundary conditions
along ru for a subsequent jet solution. This jet/potential flow
iterative coupling process is analogous to that required for
analyzing a subsonic/transonic external stream. The iterative

methodology is now under development as discussed in Refs.
3, 5, and 10.

Mach Disk Region Analysis
The turbulent mixing that occurs between the inner flow

that traverses the disk and the outer flow that traverses the
oblique shock system is quite rapid. In fact, for smaller disks,
the mixing process dominates the acceleration of the inner
flow to supersonic velocities. The mixing process that occurs
has wake-like characteristics and the entrainment process in-
duces large negative streamline displacements which can ap-
preciably alter pressure levels from those occurring in the in-
viscid limit. The treatment of this strongly interactive problem
in SCIPVIS utilizes pressure-split methodology whose detailed
description is provided in Refs. 3 and 10. Disks are located us-
ing the sting triple-point criterion discussed in Ref. 9.

Numerical Algorithm
The generalized two-step (predictor-corrector) numerical

algorithm used in various regions of the flow is described in
detail in Refs. 3 and 10. Diffusive terms are evaluated using a
central difference operator. In supersonic flow regions, the
convective terms have been differenced using the MacCor-
mack algorithm.28 In subsonic flow regions, the convective
terms are up winded. A new variant of the MacCormack
algorithm has recently been utilized in supersonic flow
regions3'10 which splits the convective flux operator (for scalar
variables only) into upwind and alternating components. This
improves the convection of scalar variables in situations where
the streamlines and mapped grid lines (ij = const) are
significantly skewed and does not affect the shock-capturing
characteristics of the algorithm. Further details of the
algorithms, the step sizes, etc., are available in Refs. 3 and 10.

MACH 2.2 JET

J«2, cc Model

• E6GERS Data

40 60 80 100 120 140 160

Fig. 5 Comparison of fully coupled SCIPVIS and parabolic BOAT
predictions for a balanced pressure Mach 2.2 jet into still air.

Fig. 6 Performance of /ce2, kW, and fo2,cc turbulence models in
analyzing Mach 2.2 jet data of Eggers30; comparison of centerline
velocity decay and velocity profile predictions at X/rj = 8 and 27..
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.UPPER MIXING LAYER BOUNDARY
^LOWER MIXING LAYER BOUNDARY

VISCOUS DIVIDING STREAMLINE
'SONIC LINE

Fig. 7 Predicted flow structure and comparison of predicted and
measured centerline pressure variations for a cold, Mach 2 mildly
underexpanded jet exhausting into still air.

z.or

PRESSURE VARIATION
ALONG r / r ,«0 ———— SEINER DATA

-- — SCIPVIS, k*

Fig. 8 Comparison of predicted and measured streamwise pressure
variations along a jet axis using ke and ke,cc turbulence models, and in
inviscid (hyperbolic mode) limit.

V. Jet Flowfield Calculations
The calculations presented here serve to exemplify the

overall capabilities of SCIPVIS in analyzing a variety of jet
flowfields pertinent to aircraft exhaust problems. Previous
papers3 4>1° have exhibited the ability of the algorithms in
SCIPVIS to deal with supersonic interactive phenomena (viz.,
wave/shear-layer interactions), to treat significantly underex-
panded jets exhausting into a supersonic stream simulating
conditions encounter able in rocket exhaust plume problems,
and to analyze low-speed parabolic mixing problems.

Fig. 9 Predicted flow structure and centerline pressure variation for
a hot, Mach 2 mildly underexpanded jet exhausting into still air.

Supersonic Balanced Pressure Jet Mixing
SCIPVIS can perform supersonic balanced pressure jet mix-

ing problems in either a parabolic or fully coupled viscous/in-
viscid mode. Unless the weak waves induced by the mixing
process3 are of interest, the results using either of these modes
are virtually identical. Figure 5 compares a fully coupled
SCIPVIS prediction for a balanced pressure Mach 2.2 jet into
still air with a parabolic BOAT code15 prediction. The ke2
model was implemented for these runs. A prediction made
running SCIPVIS in the parabolic mode was virtually identical
to the fully coupled prediction except for the wavelets in the
core region and, thus, is not exhibited. The wavelets are
physical (see the measurements of McLaughlin et al.,29 in par-
ticular Fig. 5 of Ref. 29 which exhibits the measured centerline
Mach number variation for a Mach 2 jet into still air) and are
generated by the interaction mechanism discussed in Refs. 3
and 4.

The performance of three turbulence models in SCIPVIS
(parabolic mode) in predicting the decay in centerline velocity
for the Mach 2.2 jet is exhibited in Fig. 6 and compared with
the data of Eggers.30 Velocity profiles at X/TJ = 8 and 27 are
compared with data in Fig. 6. The comparisons here indicate
that the kW turbulence model does the best overall job, the
ke2 model mixes too fast, and the ke2,cc model mixes
somewhat too slowly.

Underexpanded Mach 2 Jet, Pj/PE = l.45
A series of calculations was performed to exhibit the flow

characteristics of modestly underexpanded cold (7} =164 K)
and hot (Tj = 1500 K) (exit static pressure ratio, Pj/PE = 1.45)
Mach 2 jets exhausting into still air and a supersonic external
stream. The first calculation simulates the experiment of
Seiner and Norum1'2 for the cold jet into still air. The
predicted flow structure for this case (using the kW turbulence
model option) is exhibited in Fig. 7 for the first 40 jet radii in
which eight shock cells occur. The nominal upper and lower
mixing layer boundaries (where </> = 0.05 and 0.95, respective-
ly), the jet mixing layer sonic line, and the viscous dividing
streamline (where $ = $j) are all depicted. Note that the mix-
ing layer engulfs the entire jet downstream of X/r3~ 35. The
sonic line initially sits above the viscous dividing streamline,
intersects it at X/rj~45, and ultimately reaches the axis.
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HOT,ME=2

Fig. 10 Comparison of scalar centerline decay rate
and peak turbulent intensity levels for cold and hot
Mach 2 jets into still air, and hot Mach 2 jet into
Mach 2 external stream.
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x/r,
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Fig. 11 Predicted flow structure for hot, mildly underexpanded
Mach 2 jet into Mach 2 external stream (Uj/UE~2.5), and static
pressure variations along jet centerline and off-axis (r/ry = 0.5)
position.

The stream wise pressure variations along the jet centerline
are compared with measurements1'2 in Fig. 7; the agreement is
quite good indicating that the propagation of the waves
through the turbulent mixing layer and the damping of wave
strengths due to turbulent dissipation are properly modeled.
The marked sensitivity of the wave pattern to the turbulence
modeling can be gleaned from the comparisons in Fig. 8.
Here, predicted centerline pressure variations using the ke
model, the ke,cc model, and in the inviscid limit are compared
with data. The ke model predicts too fast a rate of mixing and,
hence, foreshortens the cell lengths and dampens the wave
strengths prematurely. The inviscid solution predicts no wave
damping or cell foreshortening and a linear solution with con-
stant cell length and wave strength will persist for numerous
cells downstream (subject only to numerical damping whose
level is quite negligible compared to the physical turbulent
levels of the problem). The ke,cc model agrees reasonably well
with the data and appears to mix somewhat too slowly. The
performance of the turbulence models here is in accord with
that of the perfectly expanded Mach 2.2 jet comparisons (Fig.
6).

In the second calculation, a hot jet into still air was
simulated by boosting the jet total temperature to yield an exit
static temperature of 1500 K. Exit pressure and Mach number
were kept the same as the cold jet case. The predicted flow
structure for this case is exhibited in Fig. 9. The mixing here
(using the kW turbulence model) is significantly faster than
that in the cold jet case with the mixing layer engulfing the en-
tire jet for X/TJ > 25. A comparison of the centerline variation
of the species parameter (which for air/air mixing simply
represents a tracer species) for the two cases (Fig. 10) clearly
exhibits the differences in the mixing rate. The stream wise
variation in peak turbulent intensity levels (k'/2/U) for the two
cases is exhibited in Fig. 10. The hot jet has turbulent levels
approximately 30-40% larger than those of the cold jet. The
predicted variation of centerline static pressure is exhibited in
Fig. 9 and indicates a more rapid decay of peak pressure levels
than in the cold jet case.

For the third calculation, the hot jet case was run simulating
Mach 2 supersonic flight conditions. The predicted flow struc-
ture is exhibited in Fig. 11 where the rate of mixing is seen to
be considerably slower than the previous two cases due to the
velocity ratio effect (in the previous two cases> the velocity
ratio Uj/UE was essentially infinite; here it is approximately
2.5/1). The significantly slower mixing rates are also evi-
denced in the species centerline decay (Fig. 10) and the peak
turbulent intensity levels (Fig. 10) are seen to be about half of
those of the hot jet into still air. Of particular interest here is
the absence of any noticeable wave structure beyond the first
shock cell. In supersonic/supersonic shear-layer interactions,3
an impinging wave is partially transmitted and reflected in ac-
cordance with the structural features of the shear layer
(whereas for supersonic/quiescent shear-layer interactions, no
transmission occurs and the wave reflects from the sonic line).
Under the conditions of this case, the strength of the reflected
wave resulting from the interaction at the end of the first
shock cell is quite small and thus, the .transmitted wave inten-
sity is comparable to that of the impinging wave. This is
evidenced in the predicted streamwise pressure variations
along the jet axis and along r/r} = 0.5 (Fig. 11) which show no
noticeable pressure variations beyond the first shock cell.

Underexpanded Mach 2 Jet, Pj/PE = 5
The hot jet calculations discussed above were repeated with

the pressure ratio boosted to 5/1 to exhibit other interesting
features of the flow structure. The predicted near-field flow
structure is exhibited in Fig. 12 and a Mach disk of significant
radius is seen to occur. (In all previous cases, regular reflection
occurred.) The jet and Mach disk mixing layers are shaded and
shown to intersect at X/r}~ 15. Note that beyond the Mach
disk position, there are two sonic lines in the flow and, for
X/rj~lQ, the code is utilizing all of its integration options
(i.e., the partially parabolic option below the Mach disk sonic
line; the hyperbolic/parabolic option between the Mach disk
sonic line and the upper edge of the Mach disk mixing layer,
and, between the lower edge of the jet mixing layer and jet
sonic line; the hyperbolic option above the two mixing layers;
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20
x/rT

Fig. 12 Predicted near-field flow structure for underexpanded
(Pj/PE = 5) hot (Tj = 1500 K) Mach 2 jet into still air.

* r-
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35 4« 43

Fig. 13 Predicted flow structure and centerline static pressure varia-
tion for a hot, underexpanded Mach 2 jet into still air.

P,atm

Fig. 14 Predicted flow structure and centerline static pressure varia-
tion for a hot, underexpanded Mach 2 jet into Mach 2 external stream.

and, the parabolic option above the jet mixing layer sonic
line). The overall flow structure for 0<X/r j< 50 is depicted in
Fig. 13 and encompasses about five shock cells. The mixing
engulfs the entire plume at X/rj-35-40. The variation of
static pressure along the jet centerline is exhibited in Fig. 13.

With a Mach 2 supersonic flight velocity, the features of the
flow structure (Fig. 14) change considerably. In particular, no
Mach disk occurs, the mixing is considerably slower, and the
wave structure is negligible beyond the second shock cell. This
is evidenced by the predicted centerline pressure variation ex-
hibited in Fig. 14 where the pressure is seen to be at ambient
levels for A^O-30.

VI. Concluding Remarks
The features and capabilities of the SCIPVIS model for the

analysis of turbulent imperfectly expanded jets have been ex-
hibited. The preliminary version is limited to the analysis of
axisymmetric or planar jets exhausting into a supersonic or
quiescent external stream. A detailed assessment of the
model's performance in analyzing laboratory jet data is pro-
vided in Part II of this article.

The unique combination of modeling techniques contained
in SCIPVIS permits analyzing the detailed multiple-cell jet
shock structure in a complex turbulent environment. The in-
teractions between wave processes and the turbulence appear
to be adequately modeled via the solution of a fully coupled
system of viscous/in viscid equations utilizing a shock-
capturing methodology and implementing compressibility
modified two-equation turbulence model formulations. Prin-
cipal uncertainties in the predictions are felt to arise from the
probable inability of the turbulence models contained in
SCIPVIS to represent the turbulence structure accurately over
the full range of conditions of interest and the present inability
to account for the induced accelerative effects of jet entrain-
ment for quiescent external streams. Both of these items are
now being addressed. The turbulence models are being as-
sessed using the new body of supersonic turbulent jet data
gathered at Calspan31 and deficiencies are being remedied us-
ing a new hybrid formulation.32 A potential and/or panel flow
solver is being coupled with SCIPVIS to predict the effects of
jet entrainment on the external stream. The coupling will also
permit analyzing subsonic/transonic external streams using
several iterative sweeps of the jet and potential flow solutions.
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